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Abstract

This paper proposes a backstepping controller for the class of discrete-time nonlinear system
in the presence of saturation constraints. In this paper, hyperbolic tangent function is used to
limit the amplitude saturation constraints. The actuator saturation is assumed to be unknown
and compensated by a pre compensator using Chebyshev neural network (CNN). The unknown
nonlinear functions are also approximated by CNN. Weight update laws, based on Lyapunov theory
are derived to make this scheme adaptive and the convergence properties are shown. Simulation
results validate the effectiveness of proposed scheme.
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Introduction

It is well recognized that actuator not only degrades the performance of the control system but may also
lead to instability of the closed loop system. Several results on the actuator saturation problem for linear
systems have been reported in!'~* and the references therein. On the other hand the actuator saturation
problem for nonlinear system has received less attention in literature.

The actuator saturation problem has been tackled for nonlinear continuous time systems in>~7.
In the global stabilization of nonlinear system with input saturation via state and output feedback
is addressed in!®. Inl® a nonlinear antiwindup scheme is proposed to guarantee stability and local
performance recovery on Euler-Lagrange systems subject to input magnitude saturation. Neural network
(NN) controller for nonlinear systems in normal form with actuator saturation is presented in!’l. A
wavelet based controller for nonlinear systems taking well defined relative degree is proposed in®!.

As far as continuous time systems are concerned, the control laws are generally derived by using
Lyapunov stability theory. Therefore the stability of closed-loop system is easily guaranteed for discrete-
time systems, adaptive control is more complex due to the noncasual problem. Only a few results have
been obtained for actuator saturation in discrete-time nonlinear systems. In™, state feedback and output
feedback dynamic NN control laws are established for pure feedback systems with actuator saturation.
Neural network (NN) controller for nonlinear discrete-time systems in normal form with the input
constraints is proposed in''%!. Shuzi Sam Ge et al!'!l, proposed the work for a class of nonlinear discrete-
time systems with unknown control directions. Adaptive control employing the predicted future states
was implemented by transforming the system to n-step-ahead predictor.

In recent decades, adaptive control of discrete-time system has been studied extensively and lately,
nonlinear discrete-time systems in strict-feedback have attracted much research interest. Using NN
approximation, controlling strict-feedback system with unknown system functions has been studied
in{!?l. The result has also been extended to multi input multi output (MIMO) systems in!'*!. The Chaos
control in atomic force microscope (AFM) system using backstepping technique has been dealt in[!4,

In this paper a controller is developed for discrete-time strict-feedback nonlinear system with unknown
system nonlinearities as well as input saturation. The unknown nonlinearities are approximate using
Chebyshev Neural Network (CNN). The input saturation is tackled using CNN saturation compensator.
The basic idea of CNN saturation compensator is to introduce control modifications in order to recover,
as much as possible, the performance induced by backstepping design carried out on the basis of the
unsaturated system.

This paper is organized as follows. CNN structure and its approximation properties are given in Section
2. The controller design of proposed scheme is presented in Section 3. In Section 4 stability analysis is
discussed and simulation results are presented in Section 5. The note ends with conclusion.

CNN Approximation

The structure of CNN is shown in Fig.1. CNN is a functional link network (FLN) based on Chebyshev
polynomials. There are two main parts in the architecture of CNN, namely, numerical transformation
part and learning part. Numerical transformation deals with input to hidden layer by approximate
transformable method. The transformation is a functional expansion (FE) of input pattern comprising of a
finite set of Chebyshev polynomials. As a result the Chebyshev polynomials basis can be viewed as a new
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input vector. The learning part is a functional-link neural network based on Chebyshev polynomials!!>-17.
The Chebyshev polynomials can be obtained by a recursive formula

Tit1(x) =22 Ti(x) — Ti—1(x), To(x)=1 €))
where, T;(x) is a Chebyshev polynomials, ¢ is the order of polynomials chosen and here is a scalar
quantity. The different choices of T3 (x) are = & 2.

Xy W
—
P -
E f(x)
Xz
—

Figure 1. Chebyshev Neural Network

In Fig. 1 the output of single layer neural network is given by

fla) =Ty @
where, 1 are the weights of neural network. Based on the approximation property of CNN!>-171_ there
exist ideal weights w, so that the function to be approximated can be represented as

fl@)=wTp+e 3)
where, ¢ is the CNN functional reconstruction error vector and ||e|| < ey is bounded.
In CNN functional expansion of the input increases the dimension of input pattern. So with the help of
CNN it is very simple to approximate a complex nonlinear systems.

Controller Design
Saturation Nonlinearity:

Fig.2 shows the nonlinear saturation, where [ and T are scalars. In general T and T can be vectors. In
this paper, saturation nonlinearity is unknown. If the control falls outside the range of the actuator then
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Figure 2. Saturation nonlinearity

actuator saturation occurs. It means that is not completely implemented by the device!”!. The control,
which cannot implemented by actuator, represented by d(k) is given by

5(k) = (k) — u(k) @

In this paper CNN is used to approximate the function I'(k).
Mathematically, the output of the actuator I'(k) is given by

I'(k) = A x tanh(u(k)) (5)

The control u(k) is subjected to amplitude limitation |I'(k)| < A, where A > 0 denotes the control
amplitude bound.

Nonlinear Systems Dynamics:

Consider the following single-input and single-output (SISO) discrete-time nonlinear system in strict-
feedback form![!?):

zi(k +1) = fi(wi(k)) + gi(xi(k))ziv1(k),
i=1,2,....n—1,
Tp(k+1) = fu(zn(k)) + gn(xn (k)L (K),
y(k) = z1(k),

where z;(k) = [x1(k), z2(k) ... z;(k)]T € R',i=1,2,...,n — 1, are the state variables I'(k) € R
& y(k) € R, are system input and output respectively. f(;) and g(;) i = 1,2,...n — 1, are the nonlinear
functions that contains both parametric and nonparametric uncertainties. f; are unknown nonlinear
functions and g; are assumed to be known and invertible.

Equation (6) is known as strict-feedback form because f; and g;, depend only on, that is, on state
variables that are “fed-back.” The control objective is to make x; (k) to follow certain desired trajectory
x14(k) is assumed to be bounded and known.

6)
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Tracking Error Dynamics:

Define tracking error vector

r(k) = [ex(k) ea(k) ... en(K)]" )
e1(k) = z1(k) — z1q(k)
62(/€) = .’Eg(k) — {EQd(k)

where x;4(k) can be obtained from (16)
Similarly,
rk+1)=[er(k+1) ex(k+1)...en(k+1)]7 ®)
ez(k + 1) = CL‘Z(]C + 1) - Qizd(k + 1)
i=1,2,3,....,n—1.
en(k+1)=z,(k+1) —zpe(k + 1)
Substituting ,,(k + 1) from (6) in (10)

en(k+1) = Fuln(k)) + ga(@n (k)T (k) = 2palk+ 1)

Using (4) in the above equation,

enll+1) = fal@n (k) + g (n (K)(u(k) +8(K)) = Znall + 1) ©)
Let u(k) 4+ 6(k) = u/(k), then tracking control law will be
, _ 1
T )

Zna(k + 1) which is the future value of fictitious controller x,4, and the unknown nonlinear
functions f;, i = 1,2,...n — 1, are approximated using CNN. For some constant “ideal” weights w;,
i=1,2,...,n—1,ie.,

[_fn(xn(k)) + mnd(k + 1) - kn,len,l(k‘ + 1)] (]O)

f;- =wlyi+e;, |eill <ein =constant, i=1,2,...,n—1 an
where ¢;’s provide suitable basis functions for the NNs.
Assumptionl: (Bounded Ideal NN Weights): The ideal NN weights w are bounded so that
lw|lr < wn (12)

with W,, a known bound.
The symbol || - | denotes the Frobenius norm, i.e. given a matrix A, the Frobenius norm is given
by[ls]
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[|Al% = tr(ATA) (13)

Assumption2: (Bounded Estimation Error): The functional estimation error satisfies | f;(z)|| <

where,

fi(z) = filz) = fi(x) (14)
2a(k)—sf
ek) —a
G(k)

xg(ﬂﬂg‘\,?{") Bemme| (k) L)W Eﬂg Plant y(),

Nezlimes Svstem with Szvntion
Peonlinssnty

Figure 3. Back stepping NN control of nonlinear system with NN saturation compensator

The net reconstruction errors ¢; are bounded by known constants ¢;y, ¢ =1,2,...,n — 1.
Define the NN functional estimate of f; in (13) by

fi=wps, 1=1,2,....n—1

with ; the current NN weight estimates provide by tuning algorithms.

Here the objective is to design control I'(k) to make the system output y(k) follow a known and
bounded trajectory x14(k). But the causality contradiction is the biggest problem in discrete time domain,
when controller is designed for general strict feedback form of nonlinear systems using backstepping!'?!.
In equation (12) z,,4(k + 1) is the future value of fictitious control z,,4(k).

Therefore it is infeasible in practice to design u'(k). This problem can be avoided by approximate
the fictitious controller x4 (k) through CNN. For first (n — 1) equations of (6) design an ideal fictitious
control of the form,
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Toq(k) = gl(ii(k)) [— (21 (k) + z1a(k +1) — klel(k‘)}
1 v
waik) = s [~ (@) + maak +1) ~ aea(h)|
X o (15)
ziq(k) = m {_fifl(l'ifl(k)) +x—palk+1) — ki71€¢71(k)}
1 ; _
wnall) = — s [ a1 @ () + 2nyalk + 1) = k11 (0)]
The equation (16) can be write in the form of one-step ahead predictor,
1 2 -
onall 1) = oo gy [ 1 Enca G D) ool o+ 1) = csenoa (4 11]16)

where g,—1(zp—1(k+ 1)) is assumed to be known & constant, f,_1(x,—1(k+1)) is the
approximated using CNN. Design parameter |k, _1| < 1.

Substituting (17) in (12) gives the output of backstepping controller «’ (k) as in shown in Fig.3.

The control signal u(k) is composed of the tracking controller and saturation compensator in Fig.3.

u(k) = ' (k) — (k) 17

where ¢(k) is the approximated value of modified saturation nonlinear function &(k).

Neural Network Saturation Compensator:

Using the CNN function approximation property, there exist a CNN that closely approximates the
modified saturation nonlinear function (k).
The inputs are Z = [z14 €]” and the output can be represent as

S(k) =wlo(@) +¢ (18)

where w is the weight vector, ¢ is the reconstruction error of neural network. The §(k), which is the
approximation of is given by

S(k) = " p(7) (19)
The weight approximation error is

(20)

IS}
I
S
|
S)

From (16),
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zig(k + 1) = z(i11)a(k)gi(zi(k)) + fi(zi(k)) + kiei(k)
xnd(k + 1) = gn('rn(k))(u(k) + é(k)) + fn(mn(k)) + knen(k)
Substituting (22), (8), (4) & (6) in (10),
ei(k+1) = fi(wi(k)) + gi(i(k))eiy1 (k) — kiei(k)
: 1)
en(k+1) = fa(@n(k) + gn(@n (k)1 (k) — knen (k)

where,

(k) = 6(k) — <(k) (22)

The functional estimation errors f;(z;(k)) can be represented by NN for the values of ideal weights
wj (k),

filzi(k)) = w] (k)pi(xi(k)) + &i(k)

: (23)
Substitute (25) in (23),
ei(k+1) = @] (k)pi(wi(k)) +ei(k) + gi(wi(k))eirr (k) — kiei(k)
: (24)
en(k +1) = @y, (k)@n (20 (k) + n (k) + gn(@n(k))S1 (k) — Knen (k)
The above equation can be written in compact form as
r(k+1) =w(k)p(z(k)) +e(k) + Hr(k) + P& (k) — Kr(k) (25)

where, r(k + 1) is given in (9).

w(k) = diag{wy, W ... 0}
e(k) = [e1(k) e2(k) ... en(k)]"
p(x(k)) =[] (k) 5 (k) ..o (k)"

K = diag{ki ko ... kn}
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H is a matrix defined by

[0 g1 O -0 0]
0 O g2 0 0
H=10 0 o i 0
0 0 0 0 Jn
and P is defined by

_0 . .. gn_

0 . 0
P= )

0 : 0

0 . 0 ]

is the coefficient of <; (k).

Stability Analysis

In this section, the boundedness of the system is shown where functions are approximated by using
CNNs. The aim of neural network saturation compensator (NNSC) is to design proper control law so
that the control signal u(k) in equation (18) and weight update law (29) provide the guaranteed tracking
performance of overall closed loop system in the presence of saturation nonlinearity. In equation (28)
(k) is assumed to be zero.

Theorem 1: Given the system in (27) and Assumption 1 & 2, choose tracking control law (12), the
saturation compensator (18) & (20), the estimated NN weights be provided by NN tuning algorithm

20(K — H)r(k) Py (k)
d(k)

w(k+1) = |d(k) + + Var(k) (26)

where d(k) is defined as,

d(k) = w(k) +2a(K — H)r(k)p(z(k)) 27

By properly selecting the control gains and the design parameters, the tracking error and the NN
weights are UUB.

Proof:

Choose the Lyapunov function candidate as

J=rT(k)r(k) + ltr(wT(k)S*Hz;(k)) (28)
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where, S™lisa positive definite matrix and « is a constant.
The first difference is given by

AT =rT(k+)r(k+1) —rT(k)r(k) + étr( T(k+1D)wk+1) — o7 (k)S™ (k) (29)
Substituting (27) in (32),
AT < [ (k)-p(x (k)] + (K — H)?|r(k)* + P (k)|
— 20T p(z(k)) (K — H)r(k) + 20" ¢(x(k)) Péi (k) (30)
. 1o .
= 2K = H)r(k)Py (k) = " (R)r(k) + — ([ (k + DIF = o (k) [F)
Now collecting terms together, adding & subtracting some terms for completing the square yields

)r(k)Pq ’

AJ < |li(k+1))|% + Hd(k) 42 (K )} + \/ar(k)]

2 g + 2Ol } Var(h) - ali(k)p(x(k) an
+{(K — H)r(k) + Po1(k)})* — 2a(K — H)r(k)p(x(k))]?
— 20T (k)T (z(k))Pé (k)

with the tuning rule (29), AJ is guaranteed to remain negative as long as

r(k) > Z(k) (32)
and
m(k) > 0 (33)
where
(k)d" (k)
2(8) = =50k — mPa ) G4
m(k) = 200" (k)" (z(k)) P (k) (35)

Then the tracking error 7(k) and the error in weight estimates, w(k) are UUB, with the bounds
specifically given by in (35)-(38) for the case of theorem 1. This demonstrates that the tracking error
(k) is bounded for all and it remains to show that the weight estimates, £ > 0, are bounded.
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Simulation Results

Let us consider a discrete-time nonlinear system

o ( ) ($2(k’)) ( )
fi(zi(k) = 1. 411 (lgzk) (36)
o) = iy

where z; (k) are the state-variables, system output and input respectively.

Here, z;(k) = [z1(k),z2(k) ... z;(k)]T € RY, i=1,...,n, y(k) € R and T'(k) € R, T'(k) = A x
tanh(u(k)), the u(k) is the unconstrained output of backstepping controller.

In this simulation A = 5, & = 0.005, K = [.20;0.2], H = [.30;00], P = [0 1; 0 0]. Initial conditions
are [0 0] and desired trajectory is given by

x14(k) = 50 * {sin (Zg) + sin <l;(7)r>} (37)

The control input signal I'(k) with the saturation compensator is depicted in Fig.4, the tracking error is
shown in Fig.5 and the tracking between the system output & desired output is as shown in Fig.6. From
the simulation results, it is clear that the proposed scheme can effectively compensate the saturation
nonlinearity in nonlinear systems. Note also that after some initial time that is required for NN to learn
the unknown saturation nonlinearity, the NN saturation compensator tracks the desired signal closely and
effectively prevents the control signal from reaching saturation limits.

S ysem inputafEr errer compensatan

impifuce

Figure 4. Control signal with Saturation Compensator
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Figure 5. Error between System output & desired response.
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Figure 6. Tracking between System output & Desired response

Conclusion

In this paper CNN saturation compensator is designed for discrete-time nonlinear system in the presence
of saturation nonlinearity. CNN is used to approximate the unknown nonlinear functions and the function.
The designed intelligent controller based on backstepping technique does not require a saturation model
to be known. The neural network controller learns the saturation nonlinearity and updates the weights to
prevent the control signal from being saturated. New weight update laws are proposed with the help of
Lyapunov theory. The proposed backstepping control guarantees the stability of closed loop system.
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